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1. As is known [1], the approximate equations of motion of a solid
body about a stationary point under the influence of a central Newtonian
field of forces, on the premise that the stationary point of the body is
located at a sufficiently large distance R from the center of gravity,
has the following form, accurate to the second order of magnitude
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One can apply to Equations (1), which generalize the equations of a
classical problem of rotation of the solid body about a stationary point,
the method of last multiplier, devised by Jacobi. Subsequently, the prob-
lem of integrating the equations is reduced to quadratures if four inde-
pendent integrals which do not contain time, are known.

In a general case the system of Equations (1) has three independent
first integrals:

energy integral

3
Ap® + Bg? + Cri— 2Mg (oY + Yo¥'+ 207") -+ 1? (A2 + By'e+ Cy"%) = const

momentum integral

Apy - By’ -+ Cry” = const
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trivial integral

T TE-by=1
The fourth integral was found in the following two cases:

(1) When the body is fixed at the center of mass
To=1Y,=20=10

(analog to the Euler case in a classical problem of the motion of a solid
body about a fixed point) the fourth integral, i.e. the integral of
kinetic momentum has the form

3
AP Big? + Ctr* — - (BOY? 4 ACY'®  ABY"®) = const

This integral was first found by de Brun [2] and the problem was re~
duced to quadratures by Kobb [3] and then in a different way by
Kharlamova [4].

(2) ¥hen the body is characterized by kinetic symmetry about one of
the main axes of inertia and the center of gravity is located on that
axis

A=B, =x=y=0

(analog of Lagrange case in the classical problem of rotation of a solid
body about a fixed poimt) the fourth integral is ’

r == ¢const

In this case the problem was reduced to quadratures by Beletskii [1]‘
Thus, it was possible to integrate Equations (1) only in the above two
cases.

2. If one considers time as a complex variable, then for intagration
of the system (1) a special interest attaches to that case in which the
integrals of the system have ounly poles as their movable singular points.
In those cases it is possible to obtain complete solution of the problenm
by means of setting up differential equations for functions, the rela-
tion of which would give in accordance with the theorem of Weierstrass
the meromorphic integrals of system (1) and their integration using power
series [5]. As a first step in the solution of this problem it is neces-
sary to find all those cases when the system (1) has general integrals
which represent single-valued functions of time.

In this paper it is shown that finding all cases in which the in-
tegrals of differential FEquations (1) are single-valued does not lead to



852 Tu.A. Arkhangel’skii

new cases but reduces to solutions for two aforementioned cases. To prove
this statement we use the method of a small parameter according to
Golubev [6].
By means of substitutions
t
p=oap, g=aq, Tr=oan, Y=o, T =27, 1" =9030" t=t-+ Tl

the system of Equations (1) is transformed into the system

dpy
A \E:‘:_ L (C—Byqiry = Mg (11" — =
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which contains a small parameter az. For a = 0 we obtain a system of
simplified equations which represent the classical equations of motion
of a heavy solid body about a fixed point [?}. Concerning these equa-

tions it is known [8} that they have single-valued integrals only in
three cases:

1} Ty == Yy == Sp == §]
2) 1‘]*:3, Ty = Yo — 0
3) :‘1=B:2C, y(,:zo:()

Therefore, in order to prove the above statement it is sufficient to

show that the system (1) rewritten for the third of the above cases in
the form

% — %* gr = —b%'v", -C;i} =ry —qy"
%?—+—;— pro=— -C; PR SO S 4 {f; =Py —ry )
LA O

<b2 & ;Z , €= Wi;m )

has nonsingle-valued integrals
We introduce a small parameter &« in accordance with

_ P a r wo_ml n’
p= P , ¢== = ,r:—&—w,'}’:;_:—j:‘-,y = = .Y =

Then, Fquations (3) have the form
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dp 1 ) an ,

L, T = Ty = e’

d’h 1 " ¢ " d'fl’ "

dt, + = b 71— o 5T ity =pn —rnm (4}
o dn’ )

dll =acy, d!] =qM1— ATt

For = 0 we obtain a system of simplified equations

d 1 o g ’

’dil — 5 qn=—dnn".  Fr=rm —an’
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dz: + -3 pr =0, S hmt &
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an =0 di, T @M hm

This system is fulfilled by the following partial integrals

’ 1 ” ¢ . L TS
p=—, a=n=n=0 nw=jg-, w=7 (=V-0D

Fxpanding integrals of the system (4) with respect to the parameler «

i 3
p="rtept ..., g=apt..., n=ant., n=mt ... (6

1 i
=gy toen . m' =g Tan’ .

and then substituting into that system the above expansions (6) and sub-
sequently equating the coefficients for a, we obtain equations which de-
termine py, g9, T9s Yo 72', Y2't for example

dra ¢ -
b (7

Inasmuch as the quantity c¢/b is different from zero it follows from
(7) that there is a critical variable logarithmic point in r,. Thus, the
system (3) has multivalued integrals which proves the above advanced
statement.
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